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1 Linear Algebra

Linear algebra provides the language for representing data, linear transformations, co-
variance matrices, and optimization problems. This section summarizes the core concepts
used throughout the subsequent notes.

1.1 Vectors, Matrices, and Dimensions

A scalar is a single number. A column vector with p elements is written as x € RP*?!,
while its transpose ' € RYP is a row vector. A matrix with N rows and p columns is
written as X € RV*P,

In a typical data matrix, rows represent observations and columns represent variables or
features:

11 e xlp
X=|: - = |eRV

TN1 " pr

If A€ R™" and B € R™*_ then their product is well defined and AB € R™**. The
inner dimensions must agree:

(mxn)(nxk)=mxk.

For example, if X € RV>*? and 8 € RP*!, then X3 € RV*1,

The (i, 7) entry of a matrix product is the inner product between row 4 of the first matrix
and column j of the second matrix:

n
(AB)ij =Y AuBy;.
=1
Matrix multiplication is associative but generally not commutative:

(AB)C = A(BC),  AB +# BA.

1.2 Transpose, Inner Products, and Norms

The transpose of a matrix exchanges its rows and columns. If A € R™" then AT €
R™™_ Important transpose identities are

(AN = A, (A+B)' =A" +B", (AB)" =BTA".

For vectors x,y € RP*! their inner product is the scalar



p
Z‘Ty = Z .ijj.
j=1

The Euclidean norm of z is ||z|; = Vo Tx. A unit vector satisfies 2"z = 1, and two
vectors are orthogonal when z 'y = 0.

For two nonzero vectors x and vy, the cosine of the angle between them is

ITy

cos(f) = ———.
O) = Tl

This quantity is also called cosine similarity!. It measures similarity in direction while
ignoring vector magnitude. Cosine distance is commonly defined as

deos(z,y) = 1 — cos(6).
If the columns of ) € RP** are orthonormal, then

Q'Q=1I.

If @ is square, so that () € RP*P_ then it is an orthogonal matrix and
QQ=QQ"=1, Q'=Q".

1.3 Linear Transformations

A matrix A € R™*P defines a linear transformation from RP to R™:

y = Az,
where € RP*! and y € R™*!,
The transformation is linear because, for scalars a and b,
A(axy + bxy) = aAxy + bAx,.

Depending on its structure, a matrix may represent rescaling, rotation, projection, di-
mension reduction, or a change of basis.

If A is square and invertible, the transformation can be reversed:

r =AYy

!Cosine similarity is widely used to compare high-dimensional representations, such as text embed-
dings.



1.4 Linear Independence, Rank, and Linear Systems

Vectors vy, ..., v are linearly independent if

a1v1+'--—|—akvk:()

implies a; = --- = a = 0. Otherwise, at least one vector can be expressed as a linear
combination of the others.

The rank of a matrix is the number of linearly independent columns, equivalently the
number of linearly independent rows. For A € R™*",

rank(A) < min(m,n).

A square matrix A € RP*? is invertible if there exists A~! such that
ATTA=AAT =1,
A square matrix is invertible if and only if it has full rank:
rank(A) = p.
If A is invertible, the linear system Ax = b has the unique solution
r=A""b
In numerical work, it is generally preferable to solve Az = b directly rather than explicitly
computing A~
1.5 Span, Basis, and Subspaces
The span of vectors vy, ..., v, is the set of all their linear combinations:

k
span(vy, ..., v) = {Z a;jv;:aj € ]R}.

i=1

A basis is a linearly independent set of vectors that spans a vector space. The number
of vectors in a basis is the dimension of the space.

For A € R™*" the column space is the subspace spanned by the columns of A. Its
dimension is rank(A).

The null space of A is

Null(4) = {z e R™": Az =0} .

The rank-—nullity relationship is



rank(A) + nullity(A) = n.

1.6 Orthogonal Projections

Suppose the columns of @ € RP** are orthonormal, so that QTQ = I,. The orthogonal
projection of z € RP*! onto the column space of Q is

i=QQ" .
The projection matrix is
P=QQ" € RF,

An orthogonal projection matrix is symmetric and idempotent:

The residual component is (I, — P)x and is orthogonal to the projected subspace.

If X € RY*P has full column rank but does not necessarily have orthonormal columns,
the projection matrix onto its column space is

Py = X(XTX) !XT € RN,

This projection is the geometric foundation of ordinary least squares.

1.7 Quadratic Forms and Positive Semidefinite Matrices
For x € RP*! and A € RP*P, the scalar
z" Az

is called a quadratic form. It is quadratic because it is a homogeneous polynomial of
degree two in the elements of x:

I’TAZ' = i i Aijfﬂiilfj.

i=1 j=1

For example, when p = 2,

.Z'TA{E = AH.’E% + (A12 + Agl)xll'g + A22x§.

A symmetric matrix A is positive semidefinite if



x Ax >0

for every x. It is positive definite if

x Az >0

for every nonzero x.

A matrix of the form X "X is always symmetric because

(XTXx) =XTx.

It is also positive semidefinite because, for any z € RP*!,

Therefore, X" X is symmetric positive semidefinite.

The main implications are:

a positive definite matrix is invertible;

X "X is positive definite when the columns of X are linearly independent;

e covariance matrices are positive semidefinite;

quadratic forms appear in variance calculations, least squares, and optimization.

1.8 Eigenvalues and Eigenvectors

For a square matrix A € RP*P| a nonzero vector v is an eigenvector if

Avi, = \gug,

where )\ is the corresponding eigenvalue.

An eigenvector keeps the same direction under the transformation A; and with magnitude
scaled (merely elongated or shrunk) by a factor of A\ known as eigenvalue.

For a real symmetric matrix:

e all eigenvalues are real;
e cigenvectors associated with distinct eigenvalues are orthogonal;

e the eigenvectors can be chosen to form an orthonormal basis.



If A is positive semidefinite, then

v,;rAvk = )\kv,;rvk > 0.

Since v} vy, > 0, it follows that

A > 0.

Thus, all eigenvalues of a positive semidefinite matrix are nonnegative. For a
positive definite matrix, all eigenvalues are strictly positive.

1.9 Eigendecomposition
The decomposition of a square matrix A into its eigenvectors and eigenvalues is called an

eigendecomposition. A real symmetric matrix A € RP*P admits the eigendecomposi-
tion

A=VAVT,

where

contains orthonormal eigenvectors and

A =diag (A,..., \,) € RP*P

contains the corresponding eigenvalues.

Because V is orthogonal, VTV = I,. Equivalently,

p

T

A= E )\kvkvk .
k=1

This representation expresses A as a weighted sum of mutually orthogonal directions.

For any vector x, define its coordinates in the eigenvector basis as z = V 'z. Then

p
o' Ar = 2" Az = Z 2.

k=1

Thus, the eigenvalues determine how strongly the quadratic form scales each orthogonal
direction.



1.10 Trace

For a square matrix A € RP*P the trace is the sum of its diagonal elements:

p
tI'(A) = Z Ajj-
j=1
The trace is linear:

tr(A+ B) = tr(A) + tr(B), tr(cA) = ctr(A).

It also satisfies the cyclic property

tr(ABC) = tr(BCA) = tr(CAB),

provided that the products are well defined. The order may be rotated cyclically, but it
cannot generally be rearranged arbitrarily.

Using the eigendecomposition A = VAV T,

tr(A) = tr(VAVT)
= tr(AV'V)
= tr(A)

p
j=1

Therefore, the trace equals the sum of the eigenvalues. For a covariance matrix, the trace
is the sum of the individual variable variances.

1.11 Singular Value Decomposition (SVD)

Any matrix X € RV*? can be decomposed as

X=UDV'.

Using the reduced singular value decomposition,

Uec RN D e R™", V e RP

where r = rank(X).

The columns of U and V' are orthonormal, and D is diagonal with positive singular values
ordered as

dy >dy > --->d, > 0.



The singular value decomposition implies

X'X=vD*V"

and

XX"=UD*UT.

Therefore, the columns of V' are eigenvectors of X ' X, the columns of U are eigenvectors
of XX and the corresponding nonzero eigenvalues are d2.

Unlike eigendecomposition, singular value decomposition applies directly to rectangular
matrices.

1.12 Summary of Key Identities

The following identities will be used repeatedly:

(AB)T = BTAT,
QQ=1 for a matrix with orthonormal columns,
P=QQ', P =P  P’=P,
A=VAVT for a real symmetric matrix A,

p
r(A) =D N\,
=1

and

X=UDVT'.
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