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1 Introduction

This is a technical note on regression analysis, with a focus on linear regressions. We will start with
the introduction to classical linear regression (i.e., ordinary least squares regression), and move on to
cover regularized regressions, such as Ridge, Lasso and Elastic Net. We will also relax certain classical
assumptions and study the regression model’s asymptotic behaviors when working with time-series

financial data.

2 Ordinary Least Squares Regression

Let input z; = (w1, T, ..., ;)" € RP, outcome variable y; € R, error term ¢; ~ N(0,0?), the linear

regression formula can be expressed as

y=Xp+e (1)
where
Y1 xip B €1
T P N T e e
Yn T, By €n

The mean prediction of y conditional on observed X can be obtained by taking expectation on both
sides of

EylX) = Xp (2)

2.1 OLS 3 Estimator

We find the § coefficients by minimizing the sum of squared errors (SSE)[4]:
mﬁin SSE(B)

Where SSE can be expressed as

n

SSE(B) = |ly — XBll, = (y— XB)"(y — XB) = > _(yi — 7,8)”

i=1

The first-order-condition (FOC) gives that

ISSE _ d(y — XP)"(y — XB)
B o
=—2X"y+2X"XB =0

Assuming that X has full column rank, then X7 X is positive definite (PD) The [ estimator is

f=(X"X)"(XTy) (3)

'In general, for randomly sampled real world data, this assumption is usually satisfied.

2



The estimator for outcome variable g is then
j§=X5=X(X"X)""(X"y) = Hy (4)
Where H is known as the hat matrixf| or projection matrix[3]:
H=XX"X)"'x" (5)

Geometrically, gﬂ is the least square projection on the sub-space (hyper-plane) spanned by the feature

vectors x;, j = 1,2,...,p and y — ¢ is the residual vector that is perpendicular to the sub-space.

2.1.1 Issues with Non-Full Rank

If columns of X are linearly dependent, then X7 X become singular, and 3 will not be uniquely defined
in this case. As a result, the projection y will also not be unique. This colinearnarity issue can be

resolved by dropping the dependent columns of X.

2.2 Properties of OLS Estimators
2.2.1 OLS Estimator is Unbiased

Under the assumption of exogenous errors Ele|X]| = 0, it can be proven that the OLS estimator is

unbiased[2]. First, we decompose 3 as
b= (X"X)"M(Xx"y)
= (XTX)'XT(XB +e)
=B+ (XTX) ' XTe (6)
Then, substitute B with @, we have
E[B — BIX] = E[B + (XTX)"'X"e — 8X]
= (X'X) ' X'E[e| X]
=0

~

Thus under the assumption of error exogeneity, 3 is an unbiased estimator:
E[3] = E[E[31X]) = 8 (7)

2.2.2 Variance Estimator for 5 and ¢

We denote the variance-covariance matrix of 3 as V3

Vs = Var(8|X)
=Var(B+ (X'X) ' X'e) = Var((X'X) ' X'¢)
= (X" X)X (X' X)X ]
= (X'X) ' X'ee X(X'X)7
= (X'X)'X'DX(X'X)™! (8)

2Because it operates on y and put a hat on it.
3Note that H transforms y to ¢



Where the error covariance matrix is denoted as

D = Ele€ | X] (9)
In the homogeneous case,

Vs = (X'X)o? (10)

Usually, the error variance is not known and thus needs to be estimated from the data. An unbiased

estimator of error variance o2 is

1
62 = > e (11)

(CI
Thus, in the homoskedastic case, the variance-covariance matrix of B can be estimated as
V) = (X'X)é; (12)
In the heteroskedastic case, the error variance can be estimated as
VBW = (X’X)l(i 27,6:2) (X' X) 7! (13)
i=1
Which is known as the heteroskedasticity-robust white estimator.

2.2.3 Distributional Properties ofﬁ

For hypothesis testing purpose, we need to have the distribution of B Under the assumption of
homoskedastic linear regression model and normally distributed errors ¢;|X ~ N(0,0?), we have that

~

B is also normally distributed

B =B~ N0, (X'X)) (14)

2.2.4 Distributional Properties of Error Variance

Given normally distributed errors ¢;|X ~ N(0,0?), it can be shown that

52 52

Where Xifp stands for chi-squared distribution with n — p degree of freedom.

2.3 Hypothesis Testing and Confidence Intervals of B

Under the distributional assumption of , we have for each ﬁj, Vi€ [l,p]

Bi = B N
s.e.(B;) fnr (16)

Where t,,_, stands for t-distribution with (n — p) degrees of freedom (DF). Under the null hypothesis
of B; = 0, the following expression for ¢; will follow t-distribution with DF of (n — p)[1]:

S T -
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Where Vj1/2 is the j-th diagnoal element of (X7 X)™!, s.e.(f,) is the standard error of §;. For a given
significance level «, B; is significantly different from 0 and the null hypothesis can thus be rejected if ¢;

exceeds the critical valueg]In matrix notation, the t-stats vector ¢ can be represented as
t = diag(V; 6, V360, ..., V?6,)715 (18)
In addition, the confidence interval with significance interval (1 — «) for ﬁj can be constructed as
(8 = 272V P, 8y + 2102V PG, (19)

Where 2'~%/2 is the 1 — /2 percentile of the standard normal distribution.

4For a two-tailed t-test, the null hypothesis will be rejected if the test-statistics satisfies tj > t1_aj2np Or tj <

_tl—a/Q,n—p
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